Classical and quantum formulations are presented for the effects of level crossings on the angular distribution of molecular resonance fluorescence. It is shown that a study of the "molecular Hanle effect," or its electric-field analog, may be used to determine the product of the radiative lifetime '.'J' with the magnetic moment /.1m, or the electric dipole moment /le, respectively, for the (v', J') excited state. The theory is developed for diatomic or polyatomic molecules characterized by symmetric-top wavefunctions. Orderof-magnitude estimates are performed, and the observation of zero-field molecular level crossings appears to be quite feasible.
INTRODUCTION
L EVEL-crossing spectroscopy! is a technique which exploits the interference phenomena that can occur in resonance fluorescence when two or more energy levels are nearly degenerate (Le., within a natural linewidth of each other). So far it has been applied exclusively to resonance light scattering from atomic systems. If the Zeeman levels of an excited atomic state are distinct (i.e., separated by several natural linewidths), their contribution to the atomic resonance fluorescence may be treated independently by summing over the population of each excited level. However, when the Zeeman levels are nearly degenerate, we must take account of the existence of phase relations between the Zeeman levels (coherence) which have been "locked" into the excited state by its particular mode of formation. This results, in general, in interference terms arising from the "crossed" levels which alter the angular distribution of the resonance fluorescence while preserving the total resonance fluorescence rate.
The most commonly known example of this effect is the magnetic depolarization of atomic resonance fluorescence, the so-called Hanle effect.2 In the absence of an externally applied field (zero field), the Zeeman levels of an excited atomic state are degenerate. These levels may then be excited coherently, for example, by a unidirectional beam of polarized light. If the excited state is undisturbed, it radiates to the ground state with a characteristic time constant for decay (the natural lifetime), and the fluorescence radiation is observed to be polarized much in the same way as the exciting light beam. When a magnetic field is applied along an arbitrary direction to this excited state, the degeneracy between the magnetic sublevels is removed. The coherence in general is partially destroyed and the resonance fluorescence is depolarized. By measuring the change in the scattered intensity at a particular angle with magnetic-field strength, one can determine the natural radiative lifetime from a knowledge of the magnetic moment of the excited-state Zeeman levels and from the magnetic-field-dependent width of the resonance fluorescence intensity. This Hanleeffect technique is one with a long history, but it is presently experiencing an active renaissance in the accurate determination of atomic oscillator strengths.
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Its increasing popularity and acceptance stems, in part, from the fact that absolute lifetimes may be determined without knowledge of the density of scatterers (Le., no absolute intensity measurements need to be made).
It is the purpose of this paper to explore the applicability of level-crossing spectroscopy to molecular resonance fluorescence. Unlike most atoms, there is a wide class of molecular excited states which have permanent electric dipole moments. Under favorable conditions, we show that the magnitude of the electric dipole moment may be obtained by observing the change in the angular distribution of the molecular resonance fluorescence due to zero-field level crossings.
We present first a simple theory of the molecular Hanle effect, and its Stark-field analog, in terms of purely classical concepts. We do this in order to give as clearly as possible the physical basis for the levelcrossing spectroscopy of molecules. The model we choose is based on the classical interpretation of the Hanle effect developed by Eldridge,4 combined with the classical picture developed by Vavilov and Levshin 5 to explain the degree of polarization of molecular resonance fluorescence.
We develop next a generalized quantum treatment with the aid of a formula first derived by Breit Carovillano,8 to describe the interference effects in resonance fluorescence excited by broad-band optical pumping. We apply this formula with suitable modifications to molecules, the energy levels of which are described by symmetric-top wavefunctions to calculate the resonance fluorescence intensity (at a fixed angle) as a function of the total angular momentum J of the molecule. We find that the quantum formulation differs appreciably from the classical formulation at low rotational angular momentum, but rapidly approaches the classical expression with increasing J. Following a comparison between the classical and quantum treatments, we discuss the experimental feasibility of molecular level-crossing spectroscopy. The well-known resonance fluorescence series of Na2 is considered as a prototype example.
THEORY Classical Treatment
Consider a beam of polarized light incident upon a collection of randomly oriented molecules in the gas phase. Let the frequency of the light source correspond to the transition frequency between two energy states of the molecule. We assume that we can replace the electric dipole transition moment of a molecule by a classical Hertzian dipole oscillator pointed in the same direction and attached rigidly to the molecular framework. The probability of absorption of light by the molecule is proportional then to the square of the component of the electric vector E along the axis of the classical dipole oscillator v, i.e., 1 V' E 1 2 . Thus, the transition dipole moments of the absorbing molecules are no longer expected to be isotropically distributed throughout the medium but will have a preferential direction of orientation along the electric vector E of the light beam.
The extent of this initial directional alignment is readily formulated in terms of the Euler angles a, (3, ' Y which relate the rotating, "molecule-fixed" set of coordinate axes xyz to the nonrotating, "spacefixed" system with axes parallel to the specified laboratory directions XYZ as pictured in Fig. 1 Table I , are the direction cosine elements which describe the unitary transformation between the X Y Z and xyz coordinate systems. The probability that absorption occurs for orientations in the range specified by (1) is thus proportional to
The intensity of absorption in the unit solid angle element, (1/411"2) sinfJdfJdcf> = (1/ 4r) sin(3d(3da, is obtained from (3) by averaging over all azimuthal angles 'Y:
Once the molecule is pumped into the excited state, it will radiate to all other allowed states with a lifetime T. Let us suppose a light detector (e.g., polarizer and photocell) has been set up to measure the molecular resonance fluorescence which has an electric vector with laboratory direction cosines AF" At some time t after absorption the dipole oscillator described by the direction cosines Au' in the molecular reference frame will radiate. In the same manner as we defined the absorption probability per unit solid angle A ({3, a), so may we define the fluorescence intensity F({3'a')
per solid angle at time t to be
where unprimed variables refer to absorption and primed variables to emission. Let the population of the excited state be denoted by N. The rate of resonance fluorescence is then given
where r = l/T (reciprocal of lifetime), or, in terms of
The radiative lifetime is much longer than the rotational period of the molecule. However, although the rotational tumbling of the molecule reduces the initial directional alignment of the transition dipole moment, it does not succeed in completely "washing out" the preferred orientations. Consequently, the angular distribution of the molecular resonance fluorescence still shows a corresponding anisotropy. The calculation of this anisotropy is performed (a) by compounding the probability of absorption per unit solid angle, given by Eq. (4), with the probability of fluorescence per unit solid angle at the time t, given by Eq. (5), and (b) by integrating this product over all possible molecular orientations, indicated in Eq. (1), and for all time t, with the help of Eq. (6).
The resultant total intensity recorded by the fluorescence emission detector is given by
In the absence of an external field, F({3', a') does not implicitly depend on time and {3' ={3, a' =a. How- 
where gJ is the Lande g factor for the molecule in the Jth rotational state, and the Larmor frequency is related to the magnetic moment iJ.m by (9) For an electric field, the same equations apply when first-order Stark splitting occurs in a molecule, provided we replace in (9) the Zeeman-effect constant,
If the direction of the magnetic or electric field differs from the direction of the electric vector E of the exciting light beam, the anisotropic distribution of molecular dipole oscillators which remains after averaging over the rotational motion of the molecule becomes more evenly distributed, and the resonance fluorescence is further depolarized. The extent of depolariza tion may still be calculated from Eq. (7) , provided we consider that a', {3' depend on time and are related to a, {3 in a complex manner depending upon the direction of the external field. However, much simplification is achieved by defining the laboratory Z axis to lie along the field direction. Precession occurs then in the X Y plane, and the primed and unprimed polar angles are related to each other by a'=a+w,
where w is the angle of precession defined by Eq. (8). The degree of field-dependent depolarization is thus seen to depend physically on the ratio of the fluorescence rate to the precession rate. The precession rate in turn is shown by Eqs. (8) and (9) to be dependent upon the strength of the field and the magnitude of the corresponding magnetic or electric moment.
So far we have derived a generalized classical expression for the interference effects that appear in the angular distribution of molecular fluorescence caused by the effects of zero-field level crossings. We wish now to apply this formulation to a specific (traditional) experimental setup and to focus our attention on diatomic systems. There are several possible ways of observing level crossings, and polarized light need not even be used. However, the simplest geometrical arrangement (and one often employed in practice) is to have a beam of plane-polarized resonance radiation incident along the X axis with its electric field & pointing along the Y axis, where the external field direction coincides with the space-fixed Z axis. The location of the fluorescence detector is chosen to lie along the Y axis and to measure the intensity 1.1 of light plane polarized along the X axis, perpendicular to the electric vector of the incident light beam. We shall also consider a fluorescence detector placed along the X axis to measure the intensity I" of light plane polarized along the Y axis, parallel to the electric vector of the incident light beam. As a measure of the anisotropy of the fluorescence angular distribution, we define the degree of polarization P, to be given by
The degree of polarization has the range -l:::;P:::;l, where P takes on the value zero when the radiation is completely isotropic. For the experimental configuration illustrated in Fig. 2 
In a similar manner, the degree of polarization for the other molecular fluorescence cases are calculated, and the results are summarized in 
Quantum Treatment
The quantum counterpart of Eq. (7) is readily formulated by modifying an expression, first derived by Breit,6 which provides a fully quantum-mechanical description of the interference effects arising from level crossings. Consider a symmetric-top molecule (of which a diatomic molecule is a special example) undergoing a transition a"v" J"K"--7a'v' J'K' from the ground state a" to the excited state a' from which it spontaneously radiates to a third state a: a'v' J'K'--7 avJK. Normally, the initial and final states are the same (a" =a), but this need not be introduced into the derivation.H Let the magnetic sublevels of the initial state a" be denoted by m", those of the excited state by M, M', and those of the final state by m. The quantum numbers vJK characterize, respectively, the vibrational energy level of the molecule, the total angular momentum of the molecule, and the projection of the total angular momentum on the molecular symmetry axis.12 The general expression for the total rate R(a, b) that a molecule will absorb radiation with polarization vector a and subsequently emit radiation of polarization b will be proportional to 11 It is also possible that a=a'=a", as in the case of vibrationrotation bands of molecules, usually observed in the infrared part of the spectrum.
12 For diatomic molecules the projection of the total angular momentum on the molecular axis is more often denoted by 0; for polyatomics, by P. However, we follow a common notation used for symmetric-top molecules.
and
On comparing the "molecular" Breit formula Eq. (15) with the classical expression Eq. (7), we see that we have replaced the average over all rotational orientations of the molecule in the classical treatment by a sum over all initial, intermediate, and final state magnetic sublevels; and we have replaced the classical Larmor precession frequency by the energy difference between excited-state magnetic sublevels:
Provided the symmetric-top molecule possesses electronic angular momentum, the latter substitution can be recast in much the same form as the classical expressions (8) and (9) except that the dependence on the quantum numbers J, K, M is made explicit. Thus, the Zeeman energy splitting of a symmetric-top molecule 13 with electronic angular momentum has the form where the molecular Lande g factor is given by
and where the molecular magnetic moment (measured in Bohr magnetons) is J.Lm = A 1-2.0022:.
Here A is the projection of the electronic orbital angular momentum and 2: the projection of the electronic spin angular momentum on the molecular axis (K'=I A1-2: I). The energy difference is thus given by
If Eq. (16) is small or vanishes, the magnetic moments of the nuclei as well as the rotational magnetic moment of the molecule give rise to Zeeman splittings, the magnitude of which are typically 1000 times smaller. For the analogous electric-field case the energy difference is given by a formula of the same form as Eq. (16): (18) where p.. is the permanent electric dipole moment of the excited state. If K' =0, there is no longer a firstorder Stark splitting, but rather a second-order Stark effect:
t1U--3J.LH?l(M'+M) (M'-M) -B.,J'(J'+l) (2J'-1) (2J'1-1) '
(19) 
where B., is the rotational constant of the v' vibrational level of the upper state. In general, the magnitude of second-order Stark splittings is much smaller than first-order Stark spliUings for electric-field strengths readily produced in the laboratory. If the excited state has no permanent electric dipole moment, a splitting may still be produced due to the polarizability a.'J'K' of the upper state. The energy difference for this effect is approximately given by
but in most cases Eq. (20) is about 10 000 times smaller than a second-order Stark splitting.
Further comparison between the classical and quantum equations indicates that the geometrical arguments based on different orientations of a classical dipole oscillator appear to have been disguised in the form of the transition dipole matrix elements appearing in Eqs. (16a) and (16b). The close similarity as well as important differences between these two formulations may be brought out, however, by substituting the identity
into Eqs. (16a) and (16b). The resulting expressions do not directly contain the direction cosines <I>Fo as in the classical treatment, but rather the matrix elements of <I>Fg calculated between symmetric-top wavefunctions. These matri.x elements, first worked out explicitly by Cross, Hainer, and King,14 factor into a JK; J'K' term independent of M and a JM; J'M' term independent of K: 
Value of J'
The selection rules for symmetric-top spectra 15 To distinguish among the several optical pumping schemes for molecules, we adopt the following notation: a transition that increases by J by unity in absorption or decreases J by unity in emission is known as an R branch; a transition that decreases J by unity in absorption or increases J by unity in emission is a P branch; and a transition which leaves the value of J unchanged is a Q branch. In addition each branch may have three different subbranches corresponding to the possible changes in AK. These subbranches may be denoted by a superscript R, Q, or P placed to the left of the branch designation where the values of the superscript depend on the change in AK in the same way the branch designations depend on AJ. We shall use an arrow pointing upwards (i)
for absorption or pointing downwards ( 1 ) for emission.
Thus, the sequence of molecular transitions J, K ~ J + 1, K in absorption followed by J + 1, K -+ J + 2, K in emission, for instance, is symbolized by (Q R i ,Q R 1 ) .
At first glance it would appear that we must evaluate 81 different rotational cases given by the combination of the different values of AJ and AK in absorption and in emission. Upon closer inspection, however, we see that the value of AK in absorption or emission enters into the calculations as a multiplicative factor U; G. Herzberg, Infrared and Raman Spectra (D. Van Nostrand Co., Inc., Princeton, N.J., 1945). 2J' +3 -,---~_r_2 --::~;-: 2J' +3 ~~c---'-r_2_~7:
• The correspondence between the classical and quantum results (Tables   II and IV) Table IV in characterizing the anisotropic forms possible for symmetric-top molecules. The calculation of this anisotropy measured by detectors oriented as in Fig. 2 is readily performed for these nine cases by using Eq. (15) and related equations, and with the help of Table III . As an example, we work out explicit expressions for III and lJ. for the quantum analog of the (II, Ii) transition sequence we previously treated. To be specific we consider the optical pumping cycle (RQ i, RQ l ), which might represent, for instance, the ~~II~~ transition sequence of the resonance fluorescence of a diatomic molecule.
For this case J'=J, K'=K+1; and we find that the elements of the absorption matrix are given by 
After rationalizing the denominators of (25) 
Calculation of the I.L fluorescence intensity proceeds in the same manner. Due to the different geometry we find that Eq. (24a) is valid as it stands for diagonal elements of the fluorescence matrix, but a minus sign must be inserted in Eqs. (24b) and (24c). We thus obtain for I.L the final expression
JK;JK+IX 2 JK;JK-l 15
The degree of polarization is then found to be, for a (Q i , Q 1 ) transition sequence,
In a similar manner, the degree of polarization is calculated for the other optical-pumping transition sequences, and the results are presented in Table IV . For J' = 1 (the smallest value of J' that can occur), the polynomial fraction fU') in front of the characteristic Lorentzian function of r in Eq. (28) has the value of t; whereas in the limit of large J', fU') approaches! which is in agreement with the classical result given in Eq. (14). Moreover, fU') rapidly attains the high J' limiting value, e.g., for J' =5 it differs from t by 2.1 % and for J' = 10 by 0.6%. The same type of behavior is shown by the other transition sequences given in Table IV ; namely, for very small values of J ' , the classical picture of a Hertzian oscill~tor either rigidly fixed in space or rotating in a prescnbed plane is inadequate. But with increasing J' the quantum results rapidly approach their corresponding classical limiting expressions. For increasing external field strength, the degree of polarization is seen from Table  IV to approach zero; whereas, for decreasing external field strength, P approaches the value of the polynomial fraction f( J'). Algebraic expressions for fU') have been derived previously by Feofilov lO for atomic resonance fluorescence. Indeed, we note that the results of Table IV apply equally as well to atomic transitions. For example, the quantum treatment of Lurio, de Zafra, and Goshenl 6 for the ISO~IPl~ISO atomic transition sequence in a special case of (R i , R 1) for J' = 1.
DISCUSSION
In principle, molecular level-crossing spectroscopy offers us a means of measuring the radiative lifetime, magnetic moment, and electric dipole moment of molecular excited states. The applicability and realization of this experimental technique will depend primarily on two factors: (1) whether molecular level-crossing interference effects can be observed in molecular resonance fluorescence with external field strengths readily achieved in the laboratory, and (2) whether suitable light sources can be developed for the optical pumping of molecules. The answer to these questions of course can only be found through experiment. However, a calculation of the well-known N a2 resonance fluorescence progression l7 ,18 excited by the Cd 4800-A line has encouraged us to believe such experiments are feasible.
The N ~ molecule has an excited III state lying about 20320 cm-l above its 11;g+ ground state, and emission from this excited electronic state is responsible for the characteristic blue-green bands of N a2. Once the N a2 molecule is excited to a particular (v', JI) vibrationrotation level of the upper state, it might be thought that emission would occur from that state to all the allowed (v", J") levels of the ground state where J" = J ', J' + 1, and J' -1 according to the selection rules !1J=O and !1J=±1 presented previously for symmetric-top transitions. However, the resonance fluorescence emission bands of the 11;~III~I1; transition sequence are observed to have a much simpler rotational branch structure, consisting entirely either of R-and P-branch lines or Q-branch lines, but not simultaneously of all three. 19 The explanation for this phenomena is due to the small A-type doubling of the III state which splits each rotational level into two components, one of which is a positive A-type doublet, the other of which is a negative A-type doublet. A given lower state can combine with one or the other upper-state doublet components according to the selection rule that positive levels combine only with negative levels, and vice versa. This accounts for the result that the resonance fluorescence from the III state of Na2 consists either of a vibrational progression of closely spaced Rand P doublets or a progression of Q singlets. By contrast a lII~I1;~III transition sequence can show all three possible rotational branch lines, although resonance fluorescence for this electronic transition type has not yet been reported.
Historically, the resonance spectra of N a2 occupies a place of particular interest and irony, since the polarized fluorescence emission from Na2 was observed by Wood l7 ,20 long before the polarization of atomic resonance fluorescence, and at the time was attributed to atomic sodium. Since then, atomic resonance fluorescence has been studied for a variety of systems in great detail, while our knowledge of molecular resonance fluorescence has depended upon those few fortuitous coincidences known in which an atomic line overlaps a molecular vibration-rotation line. However, the scant number of investigations of molecular fluorescence systems in the gas phase appears to be due more to the lack of interest in the past rather than to difficulty in the effort. For example, about 15 different atomic lines have been reported to cause fluorescence in Na2 vapor,l8. 20 In particular, the Cd 4800-A line appears to excite N~ from the v" =0 level of the ground state to a high-lying rotational level of the v' =5 level of the upper state. From the latter excited state, the molecule emits a long progression of Q-branch lines (a spectrogram 21 of the fluorescence series is found in Herzberg's SPectra of Diatomic Molecules). The exact rotational level is uncertain, the difficulty being that energy levels cannot be calculated with reliability from tabulated spectroscopic constants for high values of J. It would appear though that the correct value2 2 of J' is about J' =40.
The fluorescence transition sequence produced by the Cd 4800-A line is the (RQ j, RQ i) case we have considered both by a classical and by a quantum treatment. For this sequence we found in both cases that the degree of polarization should be one-half. In 1938 Pringsheim,23 using photographic plates with time exposures of several hours, measured the degree of polarization for this molecular fluorescence series.
He reported the value of P to be about 0.42 which is in reasonable agreement with theory. He did not investigate the effect of a magnetic field on his measurements. However, we are now in a position to estimate what field strength would be necessary to observe depolarization of the resonance fluorescence due to the destruction of coherence in the excited state. In particular, we wish to calculate the values of H or E for which the degree of polarization has been reduced to one-half its initial value, i.e., when (29a) or (29b)
For a III state, K'=1, Jlm=1 Bohr magneton, and for Na2 excited by the Cd 4800-A line, gJ'K,"-'rJrrrr. If the upper III state of Na2 has a radiative lifetime ranging from 10-6 to 10-8 sec, Eq. (29a) will be satisfied for a magnetic field between slightly under 100 G to slightly under 10000 G. The III electronic state of the Na2 of course cannot possess a permanent electric dipole moment, but we might imagine for the moment that it does. This might be true, for example, for the chemically similar N aK molecule which also has a well-known III excited state lying in the visible (green),l8 Then for an electric dipole moment of 1 D and a
